This report compares COMSOL's finite element method (FEM) algorithm with the Mie theory for solving the electromagnetic fields in the vicinity of a silica-silver core-shell nanoparticle when excited by a radiating dipole. The novelty of this investigation lies in the excitation source of the nanoshell system: an oscillating electric dipole is frequently used as a model for both molecular scattering and molecular fluorescence; moreover, a common classical model of atomic or molecular spontaneous emission is a decaying electric dipole. The radiated power spectra were evaluated both analytically and numerically by integrating the Poynting vector around 20, 60 and 100 nm nanoshells, thereby solving the total and scattered fields generated by a dipole positioned inside the core and in the surrounding air medium, respectively. The agreement was excellent in amplitude, plasmon resonance peak position and full width at half-maximum. The FEM algorithm also generates accurate solutions of the near-field electromagnetics in the spatial domain, where the E-field behavior as a function of polar angle θ for a fixed observation radius was evaluated. The quasistatic approximation, which is valid for small nanoparticles, is also employed to assess its limitations relative to the Mie and FEM algorithms.
Introduction
The theoretical and numerical modeling of nanoscale electromagnetics have become an essential aspect of research in the field of plasmonics. Plasmonics encompasses the study of plasmons, or more specifically of interest to us, surface plasmons, which are the collective oscillation of clouds of electrons on a metal-dielectric boundary driven by an incident electric field. This phenomenon is responsible for a recent surge in interest in plasmonics-based applications, such as drug delivery, photothermal cancer therapy, new photonic devices, and biochemical sensing and detection with techniques such as surface-enhanced Raman detection [1, 2] (SERS). Over the last 25 years, our laboratory has been actively pursuing the development of SERS technologies, with emphasis in chemical sensing, biological analysis and medical diagnostics [3] [4] [5] [6] [7] [8] [9] . Raman scattering is an intrinsically weak scattering phenomenon, but has the advantage of having narrow spectral resolution and a wealth of molecular information. SERS is a technique that exploits the large local E-field enhancement created in the vicinity of nanostructured metallic surfaces to amplify the Raman scattering signal emitted by adsorbed molecules [10, 11] . Optimizing these E-field 'hotspots' could yield a potential sensitivity for single molecular detection [12, 13] . Evidently, achieving the highest detection sensitivity requires optimization of nanoparticle shape, size and material, or substrate surface morphology and material.
Since the advent of the Mie theory in 1908 [14] describing the analytical solution for a spherical geometry, a number of computational electrodynamics modeling techniques have been developed for the investigation and analysis of irregular geometries; the two methods that have found widespread use are the finite difference time domain (FDTD) and the finite element method (FEM). Another approach involves solving the EM problem by transformation of the volume integral equation to a surface integral equation [15] . Previous FDTD studies in the literature [16] [17] [18] have shown that this technique may be non-ideal for dealing with curved structures because its discretization algorithm effectively decomposes the 3D geometrical space into cubic subunits. Although the FDTD method has its own merits for various applications, the FEM is suitable for investigating curved boundaries such as sphere surfaces, since its meshing algorithm employs tetrahedra to smoothly follow curved contours, thereby providing higher spatial resolution and quantitative accuracy; this feature is especially important when investigating nearfield electromagnetics and suggests FEM is a promising modeling technique that has the potential to reconcile theory and experiment.
COMSOL Multiphysics is a numerical simulation package that is based on FEM, and has been employed by several research groups for the characterization of nanoshell plasmonics confined to 2D [19] [20] [21] and 3D space [22] . The lack of 3D simulations in the literature may be attributed to COMSOL's computationally intensive nature. Our laboratory has also investigated 3D analytical and numerical methods [23, 24] , both FDTD [18] and FEM [25] , for the analysis of the EM behavior in the vicinity of nanoparticles and nanostructured surfaces. We have previously shown that the FEM algorithm accurately solves nanoscale electromagnetics of 3D nanoshell dimers with high spatial and spectral resolution, when compared to the analytical multipole expansion [25] . Due to the quasistatic assumption employed in the latter analysis, however, the comparison was valid only for nanoshell dimers smaller than 20 nm in diameter; for larger dimers, the assumption broke down, resulting in large deviations between the two techniques. For nanoparticle clusters and nanostructured substrates, however, which are significantly larger than this size limitation and often span many micrometers across, it is desirable to obtain an understanding of the accuracy of COMSOL's computational algorithm for its future use as a modeling tool. This paper presents a comprehensive comparison between the Mie theory and the FEM numerical simulation of a dipoleexcited silver nanoshell. The novelty lies in the excitation source of the nanoshell system: an oscillating electric dipole is frequently used as a model for both molecular scattering and molecular fluorescence. Moreover, a common classical model of atomic or molecular spontaneous emission is a decaying electric dipole [26] . From a modeling perspective, a point dipole source is a more challenging problem to solve, both analytically and numerically, than the plane wave excitation attributed to the classical Mie problem. This is the case for several reasons: the Mie solution for the dipole excitation is expressed as an infinite sum of spherical harmonics that must be truncated at some point, and the rate of convergence of this series varies with the distance from the dipole to each interface of the nanoparticle's shell, which is not the case for a plane wave source. The FEM dipole problem is also more numerically challenging than the plane wave problem since modeling an infinitesimal point dipole involves dipole length optimization and discretization issues that do not arise in the plane wave case. The latter two reasons render the dipole problem more interesting and challenging than the classical Mie problem of a plane wave incident on a sphere. In addition, the ability to position the dipole both inside and outside the shell adds additional degrees of freedom to the problem, such as location of the dipole relative to the shell interface and shell thickness, which are not present in the plane wave case.
In this report, we extend our analysis of the FEM algorithm by developing the exact analytical solution of a dipole-excited nanoshell, based on the Mie theory, and using it as the benchmark to investigate the solution accuracy for 3D silica@silver nanoshells of size spanning the range of interest: 20, 60 and 100 nm. The nanoshell encompasses several material and geometrical properties that make it an elegant geometry for such a comparison. The nanoshell is illuminated via a dipole excitation source, and the analysis of each geometrical layout is performed both in the spectral domain, by evaluating the nanoparticle's radiated power and normalized power, as well as in the spatial domain, via polar and line profile plots of the E field in the vicinity of the nanoshell. Despite these issues, excellent agreement was achieved for all the cases studied, confirming that FEM is an accurate numerical technique for modeling molecular scattering, molecular fluorescence and general near-field electromagnetics.
Results and discussion
The nanoshell, a term defining a dielectric core surrounded by a metal shell, has become a popular nanoparticle geometry in the field of plasmonics, embedding itself in a number of medical applications such as optical coherence tomography [27] and photodynamic therapy [28] . The strength of this geometry arises from the tunability of its plasmon resonance peak, which can be shifted throughout the visible region by adjusting the ratio of its core to shell radii [25, 29] . Here, a and b are the radii of the outer and inner shell boundaries, respectively. Silver was chosen as the metal layer for two reasons. Firstly, this material is known to exhibit a strong plasmon resonance and thus SERS enhancement, both which are of interest in the plasmonics field, and secondly silver nanoshell dimers were demonstrated to yield larger quantitative errors between the multipole expansion method and FEM [25] , relative to gold, which suggests it would constitute the upper limit on any observed error between Mie and FEM.
Rather than exciting the surface plasmons with the traditional planar wave, a more general oscillating dipole source was employed, enabling it to be positioned within and without the nanoshell thereby providing greater analytical and geometrical versatility; additionally, a point electric dipole source is of interest because it is quite often employed as a classical model of molecular emission processes. The geometry of the generic silica@silver nanoshell is depicted in the 3D schematic, figure 1. The ratio of the nanoshell's core to shell radii, 1 − b/a, was fixed to 20% for all three nanoshell sizes under investigation, such that the shell thicknesses are 2 nm, 6 nm and 10 nm for the 20 nm, 60 nm and 100 nm nanoshells, respectively. Here, a and b are the radii of the outer and inner shell boundaries, respectively. The dielectric function of the silver shell was modeled via the Lorentz-Drude dispersion model [30] :
where k , a k , b k and c k are constants that provide the best fit for silver [30] . The refractive index of the silica core was set as 1.45 and assumed to be wavelength-independent [31, 32] . The nanoshell was placed in a surrounding medium of air.
A more realistic nanoshell model would include an important geometric correction, termed the 'small size effect', which is due to electron surface scattering at the particle boundary. This effect is particularly significant when the metal shell thickness becomes smaller than the metal's electron mean free path, which, for silver, is approximately 50 nm [33] [34] [35] [36] . This ultimately results in a damping and broadening of the nanoparticle's plasmon band, which in turn impacts the achievable E-field enhancement in the vicinity of the nanoparticle; this is theoretically modeled by introducing additional loss to the bulk silver dielectric function [37, 38] . We have previously shown [25] , however, that such a modeling adjustment does not enhance the differential error between the FEM and the multipole expansion for a nanoshell dimer, and it is therefore not expected to skew the trends presented in this study.
Mie theory: formulation
In contrast to evaluating the E field at a single point in 3D space, as a function of wavelength [25] , the Mie and FEM algorithms were investigated by integration of the Poynting vector around the nanoshell, so as to obtain the radiated power at a given wavelength; this provides a spatial average that is a more meaningful assessment of the EM field behavior and consistency in the vicinity of the particle. The corresponding power spectrum is then assembled by concatenating such point measurements across the wavelength range of interest.
The Mie theory formulation begins by expressing the electric field emitted by the dipole and scattered by the nanoshell as expansions in radial Hertz potentials [39, 40] . For a radially directed dipole, the fields are purely transversemagnetic and thus only TM Hertz potentials are required to define the problem. This formulation is equivalent to, but considerably simpler than, expansions in vector spherical harmonics.
A point electric dipole at r d oscillating at frequency ω and directed radially inward with moment p will give rise to a radial current density J = J rr , wherer is the radial unit vector and
The associated transverse-magnetic Hertz potential ψ generated by this dipole is a solution to [40] (
where k = √˜ ω/c, c is the free space speed of light,˜ is the dielectric constant of the medium and 0 is the permittivity of free space. Using (2), (3) may be written
where we have suppressed the harmonic time dependence exp(−iωt) and R is the radial distance of the dipole from the origin. In spherical coordinates, r d = (R, 0, 0). In our current geometry, only the TM field components are required, which are derived from the potential ψ as follows:
Due to axial symmetry, all other field components vanish. The potential associated with the field emitted by the point dipole is a solution to (4) and is given by [26] 
We now employ the following expansions in a system centered on the shell [41] :
where P n (cos θ) are Legendre polynomials and
In the latter equations,
n (z), where j n (z) and h (1) n (z) are spherical Bessel functions of order n.
Dipole outside the shell.
When the dipole is outside the shell, the potentials associated, respectively, with the fields emitted by the dipole, scattered from the shell, in the shell layer and in the shell core, are given by
where k j = ˜ j ω/c. Equations (13) and (14) for the incidentfield potentials follow from (8)- (10). The coefficients a n , b n , c n and d n are determined by the boundary conditions at the interfaces of the shell.
Dipole inside the shell.
When the dipole resides within the core, the fields are calculated from the following potentials: Re{E × H * } over the surface of a sphere that encloses the system, as given below:
To evaluate the total power, we substitute E × H * = E θ H * φr in (22) , where E θ = E 0θ + E sθ and H φ = H 0φ + H sφ . Noting that the problem is axially symmetric, (22) becomes
Re 2π
In this equation
Substituting into (23) and using the orthogonality relation of the Legendre functions, we find
We can show that
independent of r as follows. We write
Recalling
, where j n and y n are spherical Bessel functions of the first and second kind, and using the Wronskian (27) follows. Using (27) in (26), we find
The power from an isolated dipole is
This can be evaluated analytically to give [26] 
Normalizing (29) by P 0 , we obtain the normalized power,P:
If we wish to compute only the power scattered from the shell, (32) becomes
|q n a n | 2 .
These above formulae hold for the dipole outside the shell. When the dipole resides inside the core a similar derivation for the total power results in
The Mie solution was programmed in Matlab, which is convenient because Matlab provides built-in Bessel functions and Legendre functions of any order. In computing the Mie series, a finite number of terms is used and this number is determined by examining how rapidly the terms converge. Typically, 20 terms were found to be sufficient. The execution time of the Matlab program was quite fast. For example, the power calculation computed for 100 wavelengths using 20 terms in the Mie series was executed in about 5 s.
Quasistatic approximation.
When a particle's size is much smaller than the incident wavelength, the incident electric field may be regarded as spatially uniform over the extent of the particle; this is referred to as the quasistatic (QS) approximation and its validity has been discussed in detail in the literature [42, 43] . The advantage of this approximation is that the equations simplify considerably and spherical Bessel functions need not be computed.
Expressions for the electric field in the QS approximation are obtained by letting the wavelength tend to infinity relative to the particle size, or equivalently, by letting the wavenumber k 0 tend to zero in our equations. In this limit, the magnetic field vanishes, as expected, although the electric field does not.
Finite element method: formulation
The numerical simulations were performed with the COMSOL Multiphysics software package (v.3.4 with RF Module, installed on a dual-quad core 32 GB RAM Workstation), which comprises electromagnetic code based on the FEM.
The 3D nanoshells were positioned at the coordinate system origin, and were embedded within a spherical computational domain that was bounded by a perfectly matched layer (PML) to prevent unwanted reflections. The simulation employed quadratic elements and a unique mesh was compiled for each nanoshell size. The accuracy of the FEM solutions was ensured by refining the meshing density such that only minimal variations in the second decimal place of the solved E fields were observed. The meshes usually consisted of between 150k and 250k points, representing between 1-2 million degrees of freedom, and the problem was solved with the iterative GMRES solver.
The power calculation required exporting the EM solution into Matlab and numerically integrating the Poynting vector (Power) around a circle of radius R 0 , depicted in figure 1 , to obtain the power at each wavelength. Axial symmetry allowed us to integrate around a circle in the x-z plane rather than over the surface of a sphere. This was performed after transforming the E-field and H -field Cartesian components of interest to spherical components using E θ = E x cos θ − E z sin θ and H φ = H y ; it is noteworthy that the integration space was sampled to the extent that increasing the sampling density did not increase the solution accuracy.
The spectral domain was sampled finely enough to ensure rapid spectral fluctuations would be captured with sufficient resolution to accurately compare Mie theory and FEM. The Mie theory generated solutions at 5 nm wavelength intervals, whereas the spectral resolution in COMSOL was dynamically selected according to the important features observed in the spectra, thus varying between 5 and 50 nm wavelength intervals.
In this dipole-nanoshell system, it is important to properly interpret the fields that manifest in the vicinity of the nanoshell, which depend on the dipole position r d and observation radius R 0 relative to the nanoshell radius a. As aforementioned in the Mie theory formulation section, the total fields E t and H t comprise the addition of the scattered fields E s and H s to the fields emitted by an isolated dipole, E 0 and H 0 , i.e. E t = E s + E 0 and H t = H s + H 0 . When both the observation point and dipole position are outside the nanoshell, R 0 > a and R > a, the relevant measured fields would be the scattered fields {E s , H s }. In all other cases, the measured fields comprise the total fields {E t , H t }.
It is noteworthy that the Mie theory algorithm calculates {E s , H s } directly and obtains the total fields {E t , H t } by adding the fields generated by the isolated dipole, {E 0 , H 0 }; the FEM algorithm, however, calculates {E t , H t }, from which {E 0 , H 0 }, evaluated in the absence of the nanoshell, are subtracted to yield {E s , H s }.
Dipole model.
The dipole model, used as the excitation source, was established by considering the E field generated by an electric dipole moment oriented along the z axis. For an electric dipole of moment p, the radial component of the near-field electric field is given by
which, along the z axis (θ = 0), simplifies to
Selecting a dipole moment that yields a normalized E field E r = 1 results in
The dipole moment was evaluated for a dipole that is positioned at r = R = 60 nm and excites a 100 nm nanoshell (a = 50 nm, b = 25 nm) at a frequency ω = 2π/λ, where λ = 480 nm is the approximate plasmon resonance peak of this nanoshell system. This combination yields a current dipole moment of | p| = 4.7157 × 10 −17 A m. Ideally, the dipole should have an infinitesimal length such as to model a delta function; numerically, however, a finite length is required for discretization purposes. A practical dipole length of 1 nm was selected following a comparison of its power spectrum relative to theory [26] , figure 2. Letting p = I d for a dipole length d = 1 nm suggests a line current of I = 4.7157 × 10 −8 A. The plots convey a decreasing dipole power with increasing wavelength for a theoretical dipole, a 1Å and 1 nm dipole, and although the latter two are not exactly superimposed onto the theory, their emitted power oscillates around the theoretical benchmark with a marginal error, approaching a maximum of ∼5% in the 400-500 nm interval. Additionally, it is interesting that no noticeable difference exists between the power spectra of the 1Å and 1 nm dipoles; as such, it is computationally less expensive, in terms of mesh elements and thus memory, to employ the longer of the two.
Varying the dipole position along the z axis, while keeping the dipole moment constant, did not significantly affect its power spectrum. This behavior is expected since the power of the isolated dipole, obtained by integrating the normal Poynting vector around a sphere that completely encompasses it, should be invariant; this analysis demonstrates spatial and spectral consistency of the incident source that is used in the remaining investigation.
This aforementioned pair of {I, d} values was employed throughout the FEM analysis for consistency. It is noteworthy, however, that fixing the two values {I, d} results in a varying E field as a function of wavelength λ and dipole distance R, which prevents a meaningful quantitative comparison between different dipole-nanoshell geometries; nevertheless, the nature of this report did not require such a normalization.
Spectral comparison 2.4.1. Power and normalized power spectra
Nanoshell sizes of 20, 60 and 100 nm were chosen to investigate the performance of the FEM algorithm as a function of nanoparticle size, given that the Mie theory is analytically exact and can therefore be used as the benchmark to which COMSOL's FEM is compared. We have previously demonstrated that, although the QS approximation is in very good agreement with the Mie theory for nanoshell sizes below 20 nm, it rapidly breaks down as nanoparticle size increases [25] . The data presented in this section, however, demonstrates that COMSOL's FEM is able to accurately reproduce the Mie theory spectra, both qualitatively and quantitatively, even for large nanoshell sizes. The power spectra of the nanoshells for a excitation dipole source positioned in the nanoshell core and in the surrounding air medium are presented in figures 3(a) and 4(a), respectively. Their corresponding geometrical specifications, in terms of dipole position, R in and R out , and observation radius, R 0 , are conveyed in table 1. The terms R in and R out are defined such that R in = R when the dipole is positioned inside the nanoshell core (R < b), and R out = R when the dipole is outside the nanoshell (R > a). The spectra in figures 3(b) and 4(b) were calculated by normalizing the power spectra to the isolated dipole power spectra.
The Mie spectra display the typical redshifting and broadening of their plasmon resonance that occurs with increasing nanoshell size. When the dipole is lodged inside the core, the resonance peak at λ = 535 nm for the 20 nm nanoshell shifts to λ = 567.5 nm for the 100 nm nanoshell, as conveyed by the figure insets. The peak positions for an outside dipole are further redshifted relative to the inside dipole to λ = 540 nm and λ = 582.5 nm for the 20 nm and 100 nm nanoshells, respectively. The FEM spectra were computed by sampling the frequency space such as to capture the rapid transitions of the resonance peak as well as other inflection 300 400 500 600 700 800 points that appeared in the shorter wavelength region λ = 300-450 nm. It should be reiterated that using the same dipole moment | p| for the three particle sizes prevents quantitative comparisons between them, since p is dependent on the dipole distance R, seen in equations (32)- (34), and thus varies with dipole position. As such, direct comparison of their spectra amplitudes is meaningless. The FEM solutions in figures 3 and 4 boast an excellent agreement with the Mie spectra, conveying no relative shift of the plasmon resonance peak, and little error, even at the resonance peak wavelength, which is usually where the largest error occurs. The full width at halfmaximum (FWHM) values of the resonance peak are nearly identical and the FEM accurately captures smaller inflection points in the high-frequency end of the spectrum. It is noteworthy that the QS approximation cannot be employed to undertake such power calculations because the QS analysis is essentially electrostatic; no propagation of energy is predicted and the power is essentially zero.
Spatial comparison
Validation of the spatial accuracy of the FEM algorithm is as important as the spectral validation, especially if investigating the spatial behavior of the fields at a single wavelength. To aid in conceptualizing the dipole-nanoshell system, a typical 3D geometry solved for |E z | in COMSOL is depicted in figure 5 , in which the radiating dipole fields are seen to be axially symmetric about z and in turn excite the nanoshell that generates fields that are also axially symmetric, as expected. The cutaway exposes the location of the dipole inside the core as well as the field behavior inside both the core and shell.
More specifically, focusing explicitly on the two dipole scenarios of the 100 nm nanoshell, the E-field activity in the vicinity of the investigated dipole-nanoshell systems is conveyed by 3D FEM solutions in figures 6 and 7, for a dipole in the nanoshell core and in the air medium, respectively. By the use of isosurface plots, boundary plots and arrow plots, these figures elegantly summarize the behavior of the E-field components |E z | and |E x | and provide further insight into the more detailed spatial plots in section 2.5.1.
For visualization purposes, the displayed solution only contains elements in the space y > 0; this translates to the dipole-nanoshell system being sliced along the x-z plane such that only half of the 3D solution is effectively depicted. Axial symmetry along the z axis, however, implies that it completely describes the E-field behavior in all space. The fields were solved at the plasmon resonance wavelength of the dipolenanoshell systems, as determined by their corresponding spectra in figures 3 and 4, and summarized in table 2. The |E| isosurfaces and E arrows show that the E field emanating from the dipole interacts with the nanoshell and diminishes while diverging away from the dipole-nanoshell system. The dipole source has a field pattern that is typical of a radiating dipole, and its interaction with the nanoshell generates a plasmonic activity with a field pattern of four lobes for the Figure 6 . 3D solution plots of the E-field components in the vicinity of the 100 nm nanoshell, with dipole @ R in = 20 nm, and at the plasmon resonance wavelength λ = 567.5 nm: (a) |E x | and (b) |E z |. The displayed solution contains elements y > 0, and is conveyed by the |E| isosurfaces, |E| at the nanoshell boundaries and the red arrows, which depict the direction and magnitude of E in the x-z plane. The white dashed line represents the nanoshell core and shell boundaries. |E x | components and two main lobes along the z axis for the |E z | components. It is important to note that the displayed Efield magnitude of the isosurfaces is limited to 500 V m −1 , but was fixed at 15 V m −1 on the nanoshell boundaries to help distinguish the shell. The direction of the arrows shows that the dipole is directed along, and radiating in, the −z direction. It is also noteworthy that, when the dipole is lodged inside the core, the E field in the core aligns in the −z direction, but when the dipole is positioned outside the particle, the field lines are oriented in the +z direction.
Spatial resolution.
The spatial resolution of this particular system was investigated using two methods. The first part involved calculating the E field as a function of the polar angle θ for a fixed observation radius R 0 , such that the circular locus in the x-z plane traced by R 0 as θ increases from −π to π always lies in the same medium. The second part consists of calculating the E-field line profile along the x axis, which effectively traverses the air/shell and shell/core boundaries on either side of the nanoshell; as such, this provides a comprehensive understanding of the capability and consistency of the FEM algorithm when challenged with small spatial features and E-field discontinuities at the shell boundaries. The meshing density was selected such that the differential error became negligible as the density was increased. These calculations were performed at the plasmon resonance wavelength of the corresponding dipole-nanoshell system, which consistently incurs the largest deviation between Mie and FEM for all nanoshell sizes and dipole positions. While exploring the following spatial analysis, it is critical to keep in mind that the solved fields for the dipole-nanoshell system with the dipole inside the core at R in and outside the nanoshell at R out are the total fields and scattered fields, respectively. For conciseness, however, they will both be labeled E in their respective sections.
This analysis was performed for a 20 and 100 nm nanoshell, figures 8 and 9, respectively, to test the behavior of the FEM algorithm and QS approximation for both a relatively small and large nanoparticle dimension. Parts (a) and (b) depict the case for a dipole lodged inside the core and positioned in the air medium, respectively, according to table 1. The fields, described in their polar forms with θ increasing clockwise relative to the positive z axis, were solved at each dipole-nanoparticle plasmon resonance wavelength and measured at the observation point detailed in table 2. The plasmon resonance peaks in table 2 were evaluated by spline interpolation between Mie sample points, and it is noteworthy that the ratio of the dipole position R relative to the nanoshell radius a is constant for consistency, and the observation radius obeys R 0 = R out + 5 nm. The first row compares the complex components of the E fields solved via the Mie and FEM techniques, and the second row concentrates on the viability of the QS approximation relative to Mie and FEM. For the case of the 20 nm nanoshell in figure 8 , the FEM is in excellent agreement with the Mie for all E-field components and at all angles θ . It is important that the real and imaginary parts of the E-field components are plotted and compared individually, since comparison of the Mieand FEM-generated field magnitudes alone could in fact hide possible discrepancies between their complex parts; if, for example, Re[E r ]
Im[E r ] but the Im[E r ] solution generated via FEM is significantly different to its Mie counterpart, comparing |E r | alone would not expose this inaccuracy.
It is interesting to note that Re[E θ ] and Im[E θ ] are both zero at θ = 0 and π, which is expected since the dipole only exhibits E r components along the z axis, due to symmetry. On a more subtle note, the Re[E r ] curve is a global maximum for R in = 4 nm at θ = 0 but a global minimum for R out = 15 nm at θ = 0. This inverted nature of one curve relative to the other about the x axis can be intuitively understood by noting that the fields in both the inside and outside dipole cases are measured at the same observation radius R 0 , which is located in the air medium such that the inequality R 0 > R out > a > b > R in always holds. Restricting this discussion to the z axis and recalling the convention that the dipole radiates in the −z direction, the E-field vectors described by the arrows in figure 7 convey that a dipole inside the core produces an E field in the air medium at r d = (20, 0, 0) that is directed along +z, translating to a positive E r , and directed along −z at r d = (−20, 0, 0), which translates to a negative E r . Since E r is strongest along the z axis, this correlates to the maximum and minimum inflection points of Re[E r ] at θ = 0 and θ = (−π, π) in figure 8(a) , respectively. The transition between these extremes behaves as expected as Re[E r ] decreases smoothly between these angles.
Conversely, a dipole radiating in the air medium, figure 8(b) , incurs an E field that is also directed along −z at r d = (20, 0, 0) but along +z at r d = (−20, 0, 0), which translates to the observed Re[E r ] curve. The behavior of the Re[E θ ] curves in figure 8 can also be accounted for by a similar explanation.
The polar plots are elegant displays of the E-field behavior around this symmetric geometry. The dual circular lobes for each E-field component demonstrate both the phase change that occurs at θ = π/2 and −π/2, as well as the symmetry along the z axis. They confirm that, as anticipated, |E r | and |E θ | both reach maxima in their corresponding lobes at θ = 0, −π, π and θ = −π/2, π/2, respectively. The QS approximation is relatively accurate for the 20 nm nanoshell for both E-field components, as expected, although it still conveys some error relative to the Mie theory even at this size. The good agreement stems from the fact that the E-field variation across this small-sized particle is more or less constant at this excitation wavelength, suggesting that the QS approximation should hold fairly well. The error increases slightly when the dipole is positioned outside the nanoshell. Figure 9 presents the fields for a 100 nm nanoshell excited by a dipole positioned at R in = 12 nm and R out = 75 nm, with the observation radius fixed at R 0 = 80 nm. The FEM solution demonstrates a very strong agreement with the Mie solution, even at this particle size, which confirms that FEM is truly able to solve nanoparticle EM for nanoparticle sizes that are of practical interest. The behaviors of the real curves follow a similar trend as those in figure 8 . The QS approximation, however, breaks down at this particle size for which there is significant error between the Mie or FEM and the QS solution.
The spatial comparison was extended in figure 10 by investigating the accuracy of the FEM solution for a 100 nm nanoshell as a function of varying observation radius R 0 . The E-field behavior in the core, shell and surrounding air medium was observed by setting R 0 to 30 nm, 45 nm and 80 nm, respectively, while exciting with the dipole at R in = 20 and 75 nm. The FEM solution in all three media is in excellent agreement with the Mie solution, which confirms that the FEM is accurate in a dielectric, in a lossy material (metal) and in air. The peaks and troughs of the curves are intuitive following the aforementioned analysis of the dipole and observation point positions relative to the nanoshell. In all cases, except for R in with R 0 = 30 nm, the QS solution is unable to reproduce the spatial behavior of the E field displayed by the Mie or FEM. Interestingly, the QS has excellent agreement with the Mie for the exceptional case, even though this particle has a diameter of 100 nm: this can be understood by considering the short distance between the dipole and the observation point, R 0 − R in , in the nanoshell core. Since they are relatively close, 5 nm < R 0 − R in < 15 nm for 0 < θ < π/3, the E field across this distance is relatively constant at this wavelength, such that QS is a very good approximation for the E-field behavior in the core. However, an increase in the observation radius, which also increases its separation from the dipole, is accompanied by a deterioration of the QS approximation, clearly seen for the cases R 0 = 45 and 80 nm.
The following line profiles describe the E fields across material boundaries, which are usually where field discontinuities occur when solving the boundary conditions, especially at metal/dielectric interfaces where surface charge accumulates. Figures 11(a) and (b) present the fields in the vicinity of a 100 nm nanoshell excited by a dipole, lodged inside the core and the air medium, respectively, that is radiating at a wavelength corresponding to each system's resonance peak. The x axis is now the observation line along which the E field is measured. The FEM performs very well, even at the SiO 2 /Ag/air boundaries where discontinuities occur, such as for E x . The intensity and rate of change of the fields along the x axis are dependent on the dipole distance relative to the x axis: the maximum |E z | occurs at x = 0, where the dipole is situated, and decays away on either side of this origin. The rate of decay is higher when the dipole is close to the x axis in figure 11(a) , particularly when x is small, but is similar for both dipole positions when x is large. The E x curve drops to zero at x = 0, since the E x components cancel due to symmetry, and also approaches zero inside the shell, for both dipole positions.
The QS solution, even though inaccurate in magnitude, follows the Mie solution shape fairly well, even in the air/shell/core transition. The E x curve generally displays less error than E z , although the agreement of both curves is particularly good for an inner dipole, in the region |x| < 15 nm, due to the proximity of the dipole to the x-axis observation line as previously discussed.
Conclusion
The excellent agreement between the FEM algorithm and the Mie theory indicate that COMSOL is able to accurately solve electromagnetic problems at the nanoscale level, even when dealing with metals such as silver. Indeed, in both the spectral and spatial domains, the FEM deviates minimally from the Mie theory for nanoshell sizes of practical importance, ranging from 20 to 100 nm. It is particularly important to stress that the tetrahedral mesh elements enable curved boundaries to be discretized such that potential field discontinuities across boundaries are reliably accounted for. The comparative study performed in this work indicates that FEM is a robust algorithm for solving more complex, interesting and realistic geometrical models for further advancing the field of plasmonics.
